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1 Introduction

Underground activities are unequally distributed across sectors within an
economy. While analyzing comprehensive survey data for Denmark, Smith
and Pedersen (1998) find that around 70 percent of the total hours performed
in the informal sector is carried out within the service sector or construction
sector. Hence, on a large scale, different goods are produced in the informal
and in the formal sector. Although there may be different explanations for
why this is the case, one reason may simply be that some types of activities
and goods are easier to hide than others, and hence these goods are more
likely to be produced in the informal sector. For example, cleaning jobs in
private homes, gardening services, hairdressing, home repair activities, and
other types of service jobs.
The purpose of this paper is to examine the macro economic effects of tax

and punishment policies when different goods are being produced in the for-
mal and the informal sector. In particular, we focus on how a revenue neutral
change in the government controls of the informal sector affects labour mar-
ket performance. Hence, if the government were to control the underground
economy more severely, either through higher punishment fees or through a
more frequent auditing of informal sector workers and/or firms, what would
then happen to unemployment, sector allocation, and wages? For example,
would higher punishment fees or a higher audit rate lead to a smaller informal
sector?
In order to answer these questions, we develop a two-sector general equi-

librium model featuring matching frictions and worker-firm wage bargains.
The two sectors corresponds to the formal sector and the informal sector.
Different goods are produced in the two sectors, and workers face job oppor-
tunities in both the formal sector and the informal sector. Section 4 analyses
the case when an identical good is produced in the two sectors.
We find that increased government control of the informal sector in terms

of higher punishment fees (i) increases the size of the formal sector and reduce
the size of the informal sector (ii) reduces real producer wages in both sectors,
and (iii) reduces unemployment. Considering the impact of a higher audit
rate is less clear cut. A higher audit rate has an ambiguous impact on
unemployment and real producer wages, and may actually increase the size
of the underground economy.
The principal contribution of the analysis in this paper is that we incor-

porate an imperfectly competitive labour market. This facilitates an analysis
of how tax and punishment policies affect wage setting and unemployment.
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Previous research is mainly conducted within the public finance tradition.1

In this literature wages are either assumed to be fixed or determined by mar-
ket clearing, and by definition, such framework is unable to examine how
involuntary unemployment is affected by tax and punishment policies.

1.1 A Review of the Literature

There have been some recent studies of underground activity in models of
involuntary unemployment; see Kolm and Larsen (2001, 2003a, 2003b), Cav-
alcanti (2002), Boeri and Garibaldi (2002) and Fugazza and Jacques (2004).
The focus and modelling strategies are, however, different in these papers.
The studies by Kolm and Larsen (2001) and Fugazza and Jacques (2004)

explore the consequences for unemployment when workers have moral con-
siderations when deciding on informal sector work. With workers being het-
erogenous with respect to moral, only workers with low moral are willing to
work in the informal sector.
Kolm and Larsen (2003a), has a different focus as it examines the poten-

tial for multiple equilibria when there are moral considerations and a social
norm against tax evasion. This social norm implies that there is a psychic
cost associated with tax evasion. The social norm becomes stronger the fewer
people there are evading taxes, which potentially leads to the existence of
multiple equilibria. There may exist one equilibria with little tax evasion and
a strong norm against tax evasion and another equilibrium including consid-
erable more tax evasion associated with a weak norm against tax evasion.
The study by Cavalcanti (2002) also has a different focus as it explores

how labour market policies affect unemployment in a model with informal
labour market opportunities. Firms in the informal sector differs from firms
in the formal sector as they are assumed to face smaller job creation costs.
The paper by Boeri and Garibaldi (2002), considers control policies in a

model of informal employment and involuntary unemployment. The mod-
elling of the underground activity is very different from the modelling in this
paper. In their model, all jobs are started as legal jobs. Informal jobs come
about as legal firms are hit by a bad productivity shock and face the option
of becoming illegal.
Kolm and Larsen (2003b) studies the impact of tax evasion on educational

choice. The paper considers how informal sector job oppurtunities mainly
available for low skilled workers reduce the incentive to acquire skills. The
tax and punishment system through the informal sector creates a distortion

1See Slemrod and Yitzhaki (2000) and Schneider and Eneste (2000) for two recent
surveys of tax avoidence and tax evasion.
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in the educational choice decision which has implications for welfare.
This paper is organized as follows. Section 2 describes the model and

the equilibrium variables are derived. In section 3, we examine how the
equilibrium variables (tightness, relative prices, real producer wages, sector
allocation, and unemployment) are affected by a fully financed change in the
punishment fees and the audit rate. Section 4 sets out a simple model where
an identical good is produced in the formal and the informal sector. Finally,
Section 5 concludes.

2 The Model2

The economy consists of two sectors, a formal sector and an informal sector.
Different goods are produced in the two sectors. This captures the notion
that certain types of goods and services are more likely to be produced in
the informal sector than other types. For example, cleaning jobs in private
homes, gardening services, hairdressing and other types of service jobs are
more likely to be produced in the informal sector, whereas cars, televisions,
radios etc. are less likely to be produced in the informal sector.3

Clearly one can argue that the formal sector and the informal sector differs
in a number of ways which are not modelled in this paper. For example,
as was discussed in the introduction, workers may differ in terms of moral,
inducing that only low moral workers will take on jobs in the informal sector.
See Kolm and Larsen (2003a). Such a segmented market implies that workers
who bargain over their wage in the formal (informal) sector consider their fall
back position to be to search for another job in the formal (informal) sector.
Changes in the attractiveness of one sector then has little influence on the
wage bargains in the other sector. This seems to be a realistic modelling
strategy for some situations, but not for all. Here instead we consider workers
who have no moral considerations, and keep their eyes open for job offers
from both the formal and the informal sector. When getting a job in the

2This model is along the line of Pissarides 2000, extended to a two sector version.
3If different goods are being produced, one could ask ’how come the workers and con-

sumers are able to locate the informal firms whereas the tax authorities are not fully
able to?’ One answer is that the tax authorities cannot officially search in the same way
as workers, and would need to use searching methods corresponding to each individual
consumer. This is a time-consuming and expensive process, whereby only a fraction p of
all informal firms and workers is detected. The tax authorities know what kind of firms
to search for, but they do not know where to find them and their employees. The firms
are not registered, they do not exist in any statistics, and officially their employees are
unemployed.
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formal (informal) sector, workers also take future employment prospects in
the informal (formal) sector into account when bargaining over wages, as it
affects the fall back position.
Other potential differences inbetween the formal and informal sector are

that matching may be easier in one sector than another, or that productivity
or wage formation etc may differ in the two sectors.
However, in order to highlight the mechanism of how tax and punishment

policies affect economic performance in an economy where different goods
are produced in the two sectors, this paper focuses on mainly one difference
between the two sectors, namely that the formal sector can be taxed whereas
the informal sector cannot. Rather than taxing the informal sector, the
government audits the economy. With probability p a worker-firm pair in
the underground economy is detected and then has to pay a punishment fee
and the match will be dissolved.4

2.1 Matching

Workers search for jobs in both the formal and the informal sector. We
assume that only unemployed workers search for jobs. This is a simplification,
i.e. we do not acknowledge that the connection to the labour market given
by working in the formal sector, brings about job opportunities not available
while unemployed. Workers accept job offers as long as the expected payoff
exceeds their reservation wage.5 We assume undirected search as in, for
example, Albrecht and Vroman (2002). The matching function is given by:

X = v1−ηuη,

where u is unemployment and v is the total number of vacancies supplied
by firms. The labour force is normalized to unity, whereby we interpret u
as the unemployment rate and v as the vacancy rate. The number of vacan-
cies supplied by the formal sector and the informal sector are vj, j = F, I,
and hence v = vF + vI . The worker’s transition rates into the two sectors

4One can view the assumption of the match being dissolved in several ways. For
example, once detected there may be a court process. This court process potentially takes
a long time. In case the legal system punishes one of the parties, say the employer, the
employees may simply search for a new job. Alternatively, the match may be dissolved as
the detected parties fear that the tax authority will return to the firm and workers with
probability one if the match is continued.

5We focus on the non-trivial case where it is inoptimal to reject job offers from one
sector and wait for a job offer from the other sector in order to ensure existence of both
a formal and an informal sector. Moreover, we disregard from moral considerations; see
Kolm and Larsen (2001) for a model where workers are heterogenous in terms of moral.
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can be expressed as λF = βX
u
= βθ1−η = βπ (θ) , and λI = (1− β) X

u
=

(1− β) θ1−η = (1− β)π (θ) , where β = vF

v
is the fraction of vacancies sup-

plied in the formal sector and θ = v/u is overall labour market tightness.
The term π (θ) can be interpreted as the probability of a worker getting any
job offer, i.e., λF + λI = π (θ). This implies that the transition rates fac-
ing firms is equal across firms and given by q = X

v
= θ−η.6 Furthermore,

we define labour market tightness for the formal sector as θF = vF/u and
labour market tightness for the informal sector as θI = vI/u where hence
θF + θI = θ.

2.2 Workers

Unemployed workers have the opportunity to apply for jobs in both the
formal sector and the informal sector. We perform a steady state analysis.
Let λF and λI be interpreted as the probabilities per time unit of finding a
job in the formal sector and in the informal sector, respectively. The present
discounted value of unemployment, U , employment in the formal sector, EF ,
and employment in the informal sector, EI , are given in the following flow
value equations:

rU =
T

P
+ λF (EF − U) + λI(EI − U), (1)

rEF =
T + wF (1− t)

P
+ s(U −EF ), (2)

rEI =
T + wI (1− pδ)

P
+ (s+ p) (U −EI), (3)

where r is the exogenous discount rate, t gives the income tax rate, δ captures
the proportion of the evaded wage a worker has to pay as a punishment fee
if detected withholding the government taxes,7 and p is the audit rate. s is

6As both formal and informal sector firms which post vacancies compete over the
unemployed workers, firms in both sectors cause congestions for each other leading to the
same probability of finding a worker across all firms irrespective of sector.

7The arbitrage equation for informal sector employment (3), includes the expression
wI (1− pδ) . This term can be interpreted as the expected consumer wage. See appendix,
for the interpretation of the punishment fee as an upfront payment upon detection.
Moreover, we note that it is not important for the results whether the punishment fee

is imposed on evaded income or evaded taxes. This is not always the case in the previous
literature of tax evasion, where the choice to base the fines of evasion on evaded income
or evaded taxes may be of significant importance for the results. See Yitzhaki (1974) who
pointed out the importance of this critical assumption.
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the exogenous separation rate and T is a lump sum transfer received from
the government.
The match is dissolved when detected which implies that the separation

rate in the informal sector exceeds the formal sector separation rate.
The immediate income received in each state is expressed in real terms by

division with the general price level, P . P is the cost-of-living index which
is linear homogenous in the two goods prices, PF and P I , and derived from
consumer preferences. This expression for real income could equivalently
be interpreted as the instantaneous indirect utility function under certain
conditions. In section 2.7 we discuss preferences in more detail.
The goods prices, and hence the general price level, is in equilibrium

determined by market clearing and is taken as given by the individual firms
and workers. It is hence of no importance for the results whether the flow
value equations given in this section, and the next section, are given in terms
of real income or in nominal income.

2.3 Firms

The marginal productivity of a worker is y.8 Hiring costs are denoted kj, j =
F, I and q is the firm’s probability per time unit of finding a worker. Since
the value functions for workers are expressed in real terms, we express the
value functions for firms also in real terms.
Firms in the formal sector are characterized by the arbitrage equations:

rJF =
PF

P
y − wF (1 + z)

P
+ s(V F − JF ), (4)

rV F = q(JF − V F )− kF

P
, (5)

where JF is the value of having a filled job in the formal sector, V F is the
value of an unfilled job in this sector, and the parameter z is the payroll tax
rate.
Similarly, firms in the informal sector have JI and V I determined by:

rJI =
P I

P
y − wI (1 + pα)

P
+ (s+ p) (V I − JI), (6)

rV I = q(JI − V I)− kI

P
, (7)

8There is no apriori reason to assume that one of the productivities should be greater
than the other.
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where α is the proportion of the evaded wage the firm has to pay as a pun-
ishment fee for cheating the government on payroll taxes when supplying
informal sector jobs.

2.4 Wages

In the wage bargains, the firm and the worker take the market clearing prices
as given. Wages, wj, j = F, I solve first order conditions from the Nash
Bargaining Solutions with the worker’s bargaining power being equal to γ:

γ

1− γ

1

φj
¡
Jj − V j

¢
= Ej − U, j = F, I, (8)

where φF = 1+z
1−t and φI = 1+pα

1−pδ are the tax and punishment wedges.
By use of equations (1)-(7) in equations (8), and assuming free entry,

V j = 0, j = F, I, and symmetric conditions facing firms and workers within
each sector, the relevant real producer wages are:

ωF =
wF (1 + z)

PF
= γy

µ
1 + ρ

µ
θF +

θI

∆

¶¶
, (9)

ωI =
wI (1 + pα)

P I
= γy

µ
1 + ρ∆

µ
θF +

θI

∆

¶¶
, (10)

where

∆ = ψ
PF

P I
, (11)

and

ψ =
φI

φF
=
1 + pα

1− pδ
/
1 + z

1− t
, (12)

where we have used that kj = ρP jy, j = F, I . One interpretation of this
specification of the vacancy cost is that the firm allocates its work force
optimally between production and recruitment activities. The cost of hiring
is proportional to its alternative cost, i.e., proportional to the value of the
marginal product of labour. ψ is the punishment/tax wedge between the
informal sector and the formal sector. We will simply refer to ψ as the
wedge. It seems reasonable to focus on the case when ψ < 1, that is, when
the government does not audit or punish the informal sector to the same
extent as the formal sector is taxed. This is, however, of no importance for
the results.
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The wage rules in (9) and (10) capture the wage demands, i.e., the bar-
gained wages for a given relative price and for given tightness. The relative
price and sector tightness are clearly endogenous variables and will be de-
termined in equilibrium. However, before proceeding to the determination
of equilibrium, we can explore the consequences of a change in the tax and
punishment rates, α, δ, z, and t, and the audit rate, p, on wage demands.
For given equilibrium variables, an increase in the punishment rates or the
audit rate for given tax rates, will reduce the formal sector wage demands,
and increase the wage demands in the informal sector. The reason is that the
value of employment has fallen in the informal sector relative to in the formal
sector. Workers employed in the informal sector hence face a reduced value of
employment relative to unemployment and will push for higher wages. The
opposite holds for workers employed in the formal sector, which causes formal
sector workers to moderate their wage demands. Analogous interpretation
can be given for changes in the tax rates for a given punishment policy.
It also follows from (9) and (10) that proportional changes in the tax and

punishment system, leaving the wedge unaffected, will have no impact on
wage demands since these changes have no effect on the value of employment
relative to the value of unemployment in each respective sector.

2.5 Labour market tightness

Labour market tightness for the formal and the informal sector is determined
by equations (4),(5), (6) and (7) using the free entry condition and the wage
equations (9) and (10) :

(r + s) θη =
(1− γ)

ρ
− γ

µ
θF +

θI

∆

¶
, (13)

(r + s+ p) θη =
(1− γ)

ρ
− γ

¡
∆θF + θI

¢
. (14)

Note, however, that equations (13) and (14) determine labour market tight-
ness in the formal sector and the informal sector conditioned on the relative
price, i.e., ∆ = ψPF

P I . Thus we have two equations in the three unknowns,
labour market tightness in the two sectors and the relative price, θF , θI , and
PF

P I .
To close the system, we need to incorporate the product market. Before

doing that it turns out to be useful to derive the employment rates.
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2.6 Employment

Steady state employment and unemployment rates are derived by considering
the flows into and out of employment and the labour force identity, nF +
nI + u = 1. The flow equations are given by λFu = snF (formal sector) and
λIu = (s+ p)nI (informal sector).
Solving for the employment rates and the unemployment rate, we obtain:

nI =
θIθ−η
s+p

1 + θF θ−η
s

+ θIθ−η
s+p

, (15)

nF =
θF θ−η

s

1 + θF θ−η
s

+ θIθ−η
s+p

, (16)

u =
1

1 + θF θ−η
s

+ θIθ−η
s+p

, (17)

uo = u+ nI =
1 + θIθ−η

s+p

1 + θF θ−η
s

+ θIθ−η
s+p

, (18)

where uo denotes official unemployment, that is, unemployment registered
by the government. The relative sector size of employment is given by:

nF

nI
=

θF

θI
s+ p

s
. (19)

2.7 Product market equilibrium

Product markets clear in each period. We assume that individual preferences
over the two goods are represented by a linear homogenous instantaneous
utility function υ

¡
CF
i , C

I
i

¢
, where CF is produced in the formal sector and

CI is produced in the informal sector.9 Individuals choose the optimal mix
of the two goods in each period by maximizing utility given their budget
constraint. With a linear homogenous utility function, individual demand
for each good is linear in the available income. Moreover, the indirect utility
function is linear in income; i.e., υ

¡
Ii, P

F , P I
¢∗
= Ii/P

¡
PF , P I

¢
where Ii is

the individual’s available income from the budget constraint, and P
¡
PF , P I

¢
is the cost-of-living index. Note that the instantaneous real income measure
used in the flow value equations (1)-(3) can also be interpreted as the instan-
taneous utility given workers are risk neutral and consume their full income
in each period.

9UF , UI > 0, and UFF , UII < 0.
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Let us now consider market clearing. Aggregating over individual demand
in order to derive aggregate demand for the two goods is simply a matter of
aggregating over individual income, as preferences are homothetic. Hence,
we have that the aggregate demand for the two goods is given from the first-
order condition for the individual consumer’s optimal mix of commodities,

i.e.
υF (CF ,CI)
υI(CF ,CI)

= PF/P I , in conjunction with the aggregate (economy wide)
budget constraint. The relative price is obtained by equating demand and
supply of commodities. The aggregate supplies of the two goods are given
by production deducted vacancy costs. In the formal sector, we have Y F =
ynF − vFρy = nFy (1− ρθηs) . Similarly, in the informal sector, aggregate
supply is Y I = ynI − vIρy = nIy (1− ρθη (s+ p)) .
Equalizing aggregate demand and aggregate supply leads to the following

equation:

υF
¡
Y F/Y I , 1

¢
υI (Y F/Y I , 1)

=
PF

P I
. (20)

For simplicity, we assume a Cobb Douglas Utility functionU =
¡
CF
¢σ ¡

CI
¢1−σ

.
Using the Cobb Douglas assumption together with equation (19), we can
rewrite equation (20) as:

σ

1− σ

θI

θF

³
1

s+p
− ρθη

´
¡
1
s
− ρθη

¢ =
PF

P I
, (21)

which is an equation in the three unknowns θF , θI , and PF

P I .

2.8 Equilibrium

Now we can characterize the equilibrium in the labour and goods markets
with the equations (13), (14), and (21). We have:

(r + s)
¡
θF + θI

¢η
=

(1− γ)

ρ
− γ

µ
θF +

θI

∆

¶
, (22)

(r + s+ p)
¡
θF + θI

¢η
=

(1− γ)

ρ
− γ∆

µ
θF +

θI

∆

¶
, (23)

ψ
σ

1− σ

θI

θF

1
s+p
− ρθη

1
s
− ρθη

= ∆, (24)

where we recall that ∆ = ψPF

P I . Firms will enter into the two sectors as
long as the expected vacancy costs are equal to the discounted profit. This is
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captured by equations (22) and (23). Equation (24) gives the relative price
as a function of the relative supply derived from consumer preferences.
Because the separation rate for informal sector jobs is higher than the

separation rate for formal sector jobs, it is more attractive for a firm to
enter the formal sector since jobs on the average last a longer time in the
formal sector. On the other hand if ψ < 1, firms in the informal sector are
expected to be punished less than firms in the formal sector are taxed, which
makes it more attractive to enter the informal sector. However, whether it
is more attractive to enter one or the other sector also depends on the prices
consumers pay for the different goods produced. Or put differently, entry into
one sector rather than the other sector because of the relative attractiveness
of the tax/punishment system or the difference in the separation rates will
be counteracted by adjustments in the relative price. Entry into the formal
sector will increase the supply of formal goods and hence reduce the relative
price PF/P I , which in turn reduces the relative attractiveness of entering
the formal sector.
We only consider fully financed reforms. Hence, the government budget

restriction is always satisfied and is given by:

nFωF

µ
1− 1

φF

¶
+ nIωI ψ

∆
(1− 1

φI
)− c

¡
p, nI , nF

¢
=

T

PF
, (25)

where c
¡
p, nF , nI

¢
is a function that captures that there is a cost associated

with auditing.10 The budget restriction is a function of the tax and punish-
ment wedges, φF and φI , and the audit rate, p. Recall that the producer
wages, employment rates, and ∆ are functions of the wedge, ψ = φI

φF
, and

the audit rate p, where we note that p appears both in the wedge ψ and
in the informal sector separation rate, s + p. The tax rates, t and z, and
the punishment rates, δ and α, will not appear in the government budget
restriction directly when all substitutions are done. This reflects that t and
z are equivalent instruments, and so are δ and α. Hence it does not matter
if we tax (punish) the firm side or the worker side. A change in δ and α is
captured by a change in φI , and a change in z and t is captured by a change
in φF .
From (25) it is clear that an increase in φF and φI that leaves ψ and p

unaffected, will increase the government revenue. Hence for a given wedge,

10In the literature on tax evasion it is commonly assumed that auditing is costly whereas
punishment fees are costless. The auditing costs may depend on p and the number of
producing firms in each sector. As will become clear below, any specification of the
auditing costs that includes any of the real variables in the model or the auditing rate, p,
or the wedge, ψ, will yield the same results.
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the government can choose t, z, δ and α so as to reap any level of revenue.
This is very convenient and implies that we can investigate the impact of
various reforms on the equilibrium variables, without explicitly incorporating
the government budget restriction.

3 Comparative statics

This section considers the impact of two reforms on tightness, relative prices,
real producer wages, sector allocation and unemployment. The first reform
involves a change in the punishment rates, α and/or δ, whereas the second
reform involves a change in the audit rate p. Both reforms are fully financed
and will be discussed in turn below.
Before considering the reforms we will engage in some substitution in

order to reduce the equation system in (22)-(24) and to trace down some

intuition. First, we eliminate
³
θF + θI

∆

´
from (22) and (23) above. This

yields

∆ =

(1−γ)
ρ
− (r + s+ p) θη

(1−γ)
ρ
− (r + s) θη

> 0
< 1

, (26)

where ∆ = ψPF

P I . Hence, the free entry conditions determine the relative
price, PF

P I , conditional on total tightness θ. Changes in ψ will induce propor-
tional adjustments in the relative price so that ∆ is unaffected.
Equation (26) reflects the discussion in connection with equations (22)-

(24), and verifies that it is ψ and the difference in the separation rates that
are important for the entry and exit into the two sectors, and hence for the
relative price. This is easily seen by considering the following two imaginary
polar cases. If ψ < 1, and p = 0, we have ∆ = 1 and hence PF

P I =
1
ψ
> 1.

That is, the informal sector is more attractive in the sense that informal
firms are expected to be punished less than formal firms are taxed. Hence,
firms keep entering the informal sector until the formal sector relative price
has increased to such an extent that formal firms are fully compensated for
the fact that ψ < 1. If on the other hand ψ = 1, and p > 0, we have that
PF

P I = ∆ < 1. That is, the formal sector is more attractive in the sense that
jobs on average last a longer time, and the entry of firms into the formal
sector will reduce the relative price on formal goods below unity. However,
with ψ < 1, and p > 0, we have PF

P I =
∆
ψ
which can be either smaller or

larger than unity reflecting the two counteracting incentives determining the
relative attractiveness of the two sectors.

13



Moreover, we have that

∂∆

∂θ
= − ηθη−1 (1− γ) p

ρ
³
(1−γ)
ρ
− (r + s)

¡
θF + θI

¢η´2 < 0. (27)

That is, the relative price PF

P I falls with an increase in total tightness for a
given ψ and for given separation rates. We know that p > 0 implies that
the informal sector is relatively less attractive, since jobs last on average a
shorter time in the informal sector. However, when θ is low, it is quite easy
to fill a vacancy. The fact that jobs separate easier in the informal sector
is hence not as important since, in case of separation, the open vacancy can
quickly be filled again. A large θ will, for the same reasons, increase the
importance of a long job duration. An increase in total tightness will reduce
the attractiveness of the informal sector for given separation rates and ψ,
which induces a reallocation of workers towards the formal sector with a
reduction in the formal sector relative price, PF

P I , as a consequence.
By substituting the expression for ∆ given by equation (26) into (22), we

get

(r + s) θη =
(1− γ)

ρ
− γ

θF + θI

Ã
(1−γ)
ρ
− (r + s+ p) θη

(1−γ)
ρ
− (r + s) θη

!−1 , (28)

where θ = θF+θI , which is one equation in the two unknowns θF , and θI .We
hence have a relationship between sector tightness, and most convenient this
relationship is independent of the relative punishment rate, ψ. The relative
price will adjust so to make this relationship independent of ψ. It will,
however, depend on p. Differentiating (28) with respect to sector tightness
and we have

∂θF

∂θI
= −

(r + s) ηθη−1 + γ
∆

³
1− θI

∆
∂∆
∂θ

´
(r + s) ηθη−1 + γ

∆

³
∆− θI

∆
∂∆
∂θ

´ < −1 (29)

where ∆ < 1. From (29), we have that informal tightness crowds out formal
tightness, and vice versa. Moreover, a one unit increase in informal tightness
will reduce formal tightness by more than one unit. This is a consequence
of ∆ being smaller than unity. Recall from (26) that ∆ < 1 follows because
p > 0 prevents firms from entering the informal sector to some extent, and
hence induces the relative price, PF

P I , to be lower than elsewise would have
been the case. This price premium in the informal sector makes this sector
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relatively more attractive in the sense that informal firms face lower real
producer wages, and workers in the informal sector face higher real consumer
wages.11

To illustrate the intuition behind this sectorial trade-off, consider the
following example: An exogenous reduction in informal sector tightness. This
will induce wage moderation in the whole economy as the value attached
to unemployment falls; the fall in informal tightness is dampened whereas
formal tightness increases. This explains the negative sign in (29). The
increase in formal sector tightness will, however, induce a wage push in the
economy. The wage push following the increase in formal sector tightness
will never dominate the wage moderation following the reduction in informal
tightness. The reason is that the employment probability increases in the
sector where the pay-off is the lowest (the formal sector) and falls in the
sector where the pay-off is the highest (informal sector). That is, as workers,
in the event of unemployment, now face an increased probability of finding
themselves employed in the lower paying sector, the wage moderating effect
will dominate. This implies that tightness in the formal sector increases by
more than informal tightness falls.12

A shorter way of expressing why the wage response following a change
in informal tightness is stronger than the wage response following an equally
sized change in formal tightness is to say that the informal sector is given a
larger weight in the wage bargains than is the formal sector. As the pay-off
in the informal sector is higher, it follows that changes in job opportunities
in this sector are also relatively more important for the wage bargains.

3.1 Changes in the punishment fee

This section is concerned with the impact on tightness, relative prices, real
producer wages, sector allocation, and unemployment of a fully financed
change in the punishment fee given by a change in α and/or δ. Tax rates
z and/or t are adjusting so to keep the government budget in (25) balanced
at all times. The audit rate p is taken as given throughout this reform. As
is clear from (22)-(24), (15)-(17), (9) and (10), the equilibrium variables will
only be affected by changes in α, δ, z, and t through the wedge, ψ. Hence,
we can conduct comparative statics with respect to ψ without explicitly

11From (9) and (10) we have ωF > ωI , and wF (1− t) > wI (1− pδ).
12One may however argue that the informal sector is less attractive because the sectoral

separation rate is higher in itself. However, the fact that the separation rate is higher in
the informal sector has no impact on the wage bargains as it affects the worker and the
firm equally. In addition, the direct effect of having for example, ψ < 1, has no effect on
the wage bargains as this is counteracted by the relative price.
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having to account for the government budget restriction since any government
revenue can be reaped by appropriate changes in α, δ, z, and t at any given
wedge.

3.1.1 Labour market tightness and real producer wages

The effects on tightness, real producer wages, and the relative price are sum-
marized in the following proposition.

Proposition 1 13A fully financed increase in the punishment fee, δ or α,
will increase tightness in the formal sector, θF , and reduce tightness in the
informal sector, θI. Total tightness, θ, increases and real producer wages in
the two sectors, ωF and ωI, fall. The relative price, PF

P I , falls.

All propositions in the paper can be derived from the equilibrium equa-
tions. See the appendix for details.
An increase in ψ will make it relatively worse to be in the underground

economy. Hence the value of employment in the informal sector falls relative
to unemployment which increases informal sector wage demands. In the
formal sector, on the other hand, wage demands fall because the value of
formal employment has increased relative to the value of unemployment.
From the firms’ perspective, these happenings tend to increase the pro-

ducer costs in the informal sector whereas producer costs in the formal sector
tend to fall. Consequently, exit from the informal sector and entry into the
formal sector are initiated. That is, labour market tightness in the formal
sector, θF , increases and labour market tightness in the informal sector, θI ,
falls.14

The relative price is now affected. The reallocation of jobs towards the
formal sector increases the production of formal sector goods relative to in-
formal sector goods, which reduces the relative price, PF

P I . The relative price

13For an intuitive interpretation, the propositions are expressed as if an increase in
φI financed by adjustments in φF implies that ψ = φI/φF increases. Other, although
perhaps less plausible cases, are of course also incorporated. The propositions simply
capture fully financed changes in the tax and punishment systems that affect the relative
tax and punishment rates between the formal and informal economy.
14In fact, there is an additional effect reinforcing the reallocation process towards the

formal sector. As a given reduction in θI induces θF to increase by more, total tightness
increases. Thereby vacancy costs increase, which tends to reduce the supply of goods in
both sectors. However, as the separation rate is higher in the informal sector, the fraction
of total sector production that accounts for vacancy costs increases by more in the informal
sector. This tends to further reinforce the reallocation process towards the formal sector.
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adjustments will eventually restore the equilibrium since the increase in the
relative price eventually makes it profitable to produce informal goods and
eliminates the profitability of producing formal goods.
Although the direct effect on real producer wages of an increase in ψ is

that informal wages increase and formal wages fall, relative price adjustments
fully counteracts these effects in equilibrium. The equilibrium effects on real
producer wages is, in fact, entirely explained by changes in the reallocation
of firms across sectors. Because ∆ < 1, the informal sector is given a larger
weight in the wage bargains than is the formal sector. Hence the wage mod-
eration following a reduction in θI is going to be larger than the wage push
following an equally sized increase in θF . If, for the sake of the argument,
total tightness where unaffected by this reallocation, also the time unit prob-
ability of finding any job would be the same, i.e., λF + λI = θ1−η. However,
with total tightness being unaffected, the expected pay-off from finding any
job must have fallen for an unemployed worker as the probability of finding
a better paying job has fallen and the probability of finding lesser good pay-
ing job has increased. Hence the value of unemployment would in this case
be lower, which calls for wage moderation. This wage moderation following
the reallocation of jobs towards the formal sector is the driving force behind
the reduction in the equilibrium real producer wages. Moreover, this wage
moderation explains why total tightness must increase.15

3.1.2 Employment

We summarize the results on employment and unemployment in the following
proposition:

Proposition 2 A fully financed increase in the punishment fee, δ or α, will
increase the employment rate in the formal sector, nF , and reduce the em-
ployment rate in the informal sector, nI. Both actual unemployment, u, and
official unemployment, uo, falls with the reform.

15When total tightness increases it becomes relatively less attractive to enter the infor-
mal sector since the separation rate is higher in the informal sector than in the formal
sector, which further reinforces the reallocation of firms towards the formal sector. This
further reduces the relative price (that is, further reduces the relative price than was in-
duced in order to fully counteract the direct effects on wage demands of a change in ψ).
This tends to increase real producer wages in the formal sector and reduce the informal
sector real producer wages. However, this effect can never dominate the effects induced
by the fact that the reallocation brings about stronger wage moderation than wage push;
real producer wages fall in both sectors.
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It comes as no surprise that increased punishment fees relative to tax
rates induce a reallocation of workers from the informal sector towards the
formal sector. An increased wedge increases the transition rate into formal
sector employment, whereas the opposite movements occur in the informal
sector. Actual unemployment falls both because the overall transition rate
into employment, λF + λI = θ1−η, increases and because the transition rate
out of employment is lower in the formal sector. Official unemployment falls
as both actual unemployment and informal sector employment fall.

3.2 Changes in the audit rate

This section is concerned with the impact on tightness, the relative price,
real producer wages, sector allocation, and unemployment of a fully financed
change in the audit rate p. The tax rates z and/or t and the punishment
fees α and/or δ are adjusting so as to keep the government budget in (25)
balanced at all times. As is clear from (22)-(24), (15)-(17), (9) and (10),
the equilibrium variables will be affected by changes in p both through the
wedge ψ, and through the informal sector separation rate, s + p. However,
from the government budget restriction in (25) we know that there is always
an appropriate adjustment in z and/or t and the punishment rates α and/or
δ that will produce any level of government revenues for a given ψ. Hence
to clarify how changes in p affect the equilibrium variables via the informal
sector separation rate, s + p, this reform considers changes in p for a given
ψ.
From the previous analysis we could conclude how changes in ψ affected

the equilibrium variables and it is straight forward to extent the analysis
below to incorporate that ψ is increased by an increase in p. The discussion
in the introduction and in the conclusion summarizes the full effects of an
increase in p.

3.2.1 Labour market tightness and real producer wages

The effect on tightness is summarized in the following proposition.

Proposition 3 A fully financed increase in the audit rate, p (for a given ψ),
will decrease total tightness, ∂θ

∂p
< 0.

We first note that we cannot exclude that informal sector tightness ac-
tually increases with an increased audit rate. An increase in p reduces the
profitability for firms to enter the informal sector by reducing the average
length of a match, which works in the expected direction of reducing informal
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sector tightness, θI tends to fall. In addition, however, the relative price, p
F

pI
,

is directly reduced by an increase in p since the outflow of informal sector
workers increases for given tightness, and hence the production of informal
goods fall. This relative price effect will increase the attractiveness for firms
to enter the informal sector, tending to increase θI .
Since we cannot conclude whether θI falls or increases with p, we can-

not conclude whether θF increases or falls with p. The direct negative effect
on the relative price tends to reduce formal sector tightness by making the
formal sector less attractive for firms to enter. However, if informal sector
tightness falls, formal sector tightness tends to increase since the value of un-
employment is reduced and hence wages are moderated in the formal sector.
The overall impact on θF is ambiguous.
Total labour market tightness falls with an increase in the audit rate. This

follows because the direct negative effect on the relative price reduces formal
sector tightness. For example, if θI increases with the reform, we know from
(29) that θF falls by more. Hence total tightness falls. The fact that PF

P I falls
as a direct effect of a higher p, will further reduce θF and total tightness. If,
on the other hand, θI falls with the reform, formal sector tightness increases
by more, and total tightness tends to increase. However, the fact that the
relative price falls as a direct effect of an increase in p will reduce formal
sector tightness, and hence the fall in θI is larger than the increase in θF ;
total tightness falls.16

In general, it cannot be determined whether the relative price increases
or decreases with an increase in p. Considering for example equation (24), we
can see that the direct effect of an increase in p makes the relative price fall.
There is, however, a counteracting effect working through total tightness.
As total tightness falls with an increase in p, the relative supply of informal
goods falls due to that vacancy costs increases by more in the informal sector.
In addition to that, relative tightness can move in either direction. However,
if informal sector tightness falls, the relative price will fall. Hence, the effect
working through vacancy costs can not dominate the effects working through
p directly and through relative tightness.
The effects on real producer wages is given by the following proposition:

Proposition 4 A fully financed increase in the audit rate, p (for a given
ψ), will increase the real producer wage in the formal sector, ∂ωF

∂p
> 0. The

impact on the informal sector real producer wage is ambiguous.

16Due to that the relative price, P
F

P I , falls as a direct effect of a higher p may even make
θF fall. But again total tightness falls.
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Firms enter into the two sectors until the expected vacancy costs are
equal to the discounted profits. This implies that the expected time it takes
to fill a vacancy is equal to the discounted profits relative to the per period
vacancy cost. For reasons given above, we know that total tightness falls
with an increase in p although we cannot determine how sector tightness
and the relative prices are affected in general. If total tightness falls with
the reform, and hence a vacancy is expected to be filled at a faster rate,
discounted profits in the two sectors relative to per period vacancy costs has
to fall as well. The reallocation of firms across the two sectors will assure
that. In the formal sector this can only be achieved by an increase in the real
producer wage. In the informal sector, however, an increase in p will reduce
the expected profits since a match is expected to last a shorter number of
periods. It is hence not necessarily the case that the real producer wage in
the informal sector increases as a consequence of a higher p.

3.2.2 Employment

As we cannot exclude that relative tightness, θF

θI
, actually falls following an

increase in p, we cannot exclude that relative employment, nF

nI
, falls with

the reform. However, if relative tightness decreases with the reform, relative
employment will fall as well. This follows both because the relative transition
rate into formal employment falls, and because outflow of workers from the
informal sector increases.
The impact on unemployment is, however, ambiguous. It is not possible

to exclude the case that the unemployment rate falls with an increase in
the audit rate. This is so although we know that total tightness falls, and
hence the total transition rate into employment falls, and that the exit rate
from the informal sector increases.17 The reason is the reallocation effect.
Consider, for example, that this reforms brings about increased inflow into
formal sector employment. This may reduce the unemployment rate although
the transition rate into the informal sector falls by more than the transition
rate into formal sector increases. This follows because the formal sector
separation rate is lower than the informal sector separation rate and hence
for a given increase in the sector transition rate into employment, formal
sector employment has to increase by more than informal sector employment
in order to balance inflows with outflow in steady state. That is, employment
in the formal sector is more sensitive to changes in its transition rate than
are informal sector employment.

17Recall that the total transition rate into employment is λF + λI = θ1−η.
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4 Identical goods produced in the formal and
the informal sector

Throughout the paper we have assumed that different goods are produced in
the formal and the informal sector. Having different goods being produced
in the two sectors captured that certain types of goods and services are
more likely to be produced in the informal sector than other types. For
example, cleaning jobs in private homes, gardening services a s o whereas cars,
televisions etc. are less likely to be produced in the informal sector. From
the comparative statics section it was clear that the relative price adjusted
so to guarantee a new equilibrium with the coexistence of the formal and the
informal sector. Although the relative price adjustment played a central role
as an equilibrating mechanism, it played no role in explaining the results.
The results was solely explained by the reallocation process. This becomes
clear by looking at the following stylized model where an identical good is
produced in the formal sector and in the informal sector.
Assume that workers allocate their search time equally into the formal

and the informal sector. The assumption of having workers splitting their
search time exogenously between the two sectors may at first sight not seem
very plausible. However, as will be explained it delivers the same message
and results as a framework where workers allocate their search time optimally
between the two sectors. The matching functions for the two sectors are then
given by:

Xj =
¡
vj
¢1−η

(u/2)η , j = F, I.

The transition rates now takes the following form: λF = 1
2

¡
θF
¢1−η

, λI =
1
2

¡
θI
¢1−η

, qF =
¡
θF
¢−η

and qI =
¡
θI
¢−η
, where tightness in each sector is

defined in effective search units, θF = 2vF

u
and θI = 2vI

u
. The value equations

for the workers are the same as given in equation (1)-(3) apart from that we
normalize the price of the only good to unity, i.e., PF = P I = P = 1, and
consider the arrival rates defined above. The value equations for the firms,
(4)-(7) are modified using the price normalization and noting that the firm’s
transition rate is qF if located in the formal sector, and qI if located in the
informal sector. Producer wages are given by equations (9) and (10) apart
from that we replace ρ with ρ/2 and ∆ with ψ. Labour market tightness for
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the two sectors are determined by:

(r + s)
¡
θF
¢η

=
(1− γ)

ρ
− γ

2

¡
θF + θI/ψ

¢
, (30)

(r + s+ p)
¡
θI
¢η

=
(1− γ)

ρ
− γψ

2

¡
θF + θI/ψ

¢
. (31)

Note that the labour market equations are similar to equations (22) and
(23) when ∆ = PF

P I ψ = ψ, except for that formal and informal firms do not
cause congestion for each other in this directed search framework. Hence
qF 6= qI is a possible outcome. We focus on the case when the wedge, ψ, is
lower than unity as it corresponds to the case of ∆ < 1. Assuming ψ smaller
than unity implies that the informal sector is more attractive, as the sector is
not punished as severely as the formal sector is taxed. Recall that ∆ smaller
than unity raised the attractiveness of the informal sector to compensate for
the shorter expected job duration.
As is clear, (30) and (31) defines the two unknowns, θF and θI . Com-

parative statics with respect to δ or α yields the same results as is found in
proposition 1 and 2, (of course apart from the effect on the relative price).18

Producer wages in the informal sector increase whereas producer wages in
the formal sector fall. Moreover, the basic intuition explaining the results
goes through as well. When the punishment fees increase it will become
relatively worse to be in the underground economy. This increases wage de-
mands in the informal sector and reduces wage demands in the formal sector,
which initiates firms to reallocate towards the formal sector. Consequently,
labour market tightness in the formal sector, θF , increases and labour market
tightness in the informal sector, θI , falls.
In the differentiated goods case, formal sector relative prices fell which

eventually made it inoptimal for firms to further reallocate towards the formal
sector. Now, identical goods are being produced, and hence there is no
relative price adjustment to stop the reallocation of firms. However, with
directed search, firms in the formal sector will create congestions for each
other, and hence, as it becomes more crowded in the formal sector it will
eventually be inoptimal to further reallocate towards the formal sector.
Again it is the reallocation process that is the key answer to why total

tightness increases, and unemployment falls. As in the differentiated good
case, this is explained by that firms exiting from the informal sector is valued

18Proposition 2 can be verified by differentiating the equations for unemployment

and sector employment which again are given by: u =
³
1 + λF

s +
λI

s+p

´−1
, and nj =£

λj/(s+ p)
¤ · u, j = F, I where the arrival rates for directed search need to be used.
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more in the wage bargains than firms entering into the formal sector. The
wage moderation following a firm exiting the informal sector will be larger
than the wage push following a firm entering the formal sector. Informal
sector tightness falls by less than formal sector tightness increases; total
tightness increases.
The results following an increase in the audit rate will be unclear also in

the case where identical goods are being produced in the two sectors, although
for partly different reasons. The effects of an increase in p working through ψ
obviously works through the same mechanisms as in the differentiated goods
case. However, as was clear from the analyses in section 3.2, there where
direct effects following a change in p on the relative price. The direct effects
on the relative price affected the relative attractiveness of the two sectors.
With identical goods being produced in the two sectors, these incentive effects
will obviously be absent when considering identical goods. In the absence of
these relative price effects, an increase in p will always reduce tightness in the
informal sector and increase tightness in the formal sector. However, in the
directed search framework, we cannot know whether informal sector tightness
falls by more or less than formal sector tightness increases. Hence, we can
not determine whether total tightness increases or falls with an increase in
p, and hence we can not determine whether unemployment falls or increases
with p.
As previously said, the assumption of having workers splitting their search

time exogenously between the two sectors may not be fully satisfactory. How-
ever, if we allow for search effort between the two sectors to be optimally
determined in this framework, the same results would materialize. This be-
comes clear if one uses the framework set out in Kolm and Larsen (2003b),
where the importance of tax evasion for educational choice is highlighted.

5 Conclusion

This paper developed a two-sector general equilibrium matching model with
different goods produced in the formal sector and the informal sector. This
enabled an analysis of how increased government control of the underground
economy affects wage formation, sector allocation, and unemployment. This
is something that to a large extent has been ignored in the previous litera-
ture where wages have been taken as either given or determined by market
clearing.
Based on this framework, we have shown that increased government con-

trol of the underground economy in terms of higher punishment fees reduces
the size of the underground economy, reduces real producer wages in the two
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sectors, and reduces actual and official unemployment.
The intuition behind these results is as follows. Increased punishment

fees induce wage demands to increase in the informal sector and fall in the
formal sector. As a consequence, firms find it profitable to exit the informal
sector and enter the formal sector. In turn, this reallocation of production
will reduce the formal sector relative price. The relative price adjustments
will fully counteract the direct effects on real producer wages in equilibrium.
Both real producer wages and unemployment instead fall due to the rather
strong wage moderation that follows this reallocation process. We also noted
that the fall in unemployment was further reinforced because workers and
firms where reallocated towards the formal sector where the separation rate
was lower.
This strong wage moderation was essential and is here summarized. The

reallocation of firms from the informal sector towards the formal sector will
induce both increased and reduced wage demands. When firms enter the
formal sector, wage demands increase since employment perspectives in the
formal sector increase. Analogously, wage demands fall when firms exit the
informal sector as employment perspectives in this sector fall. The wage mod-
eration following a firm exiting the informal sector is, however, larger than
the wage push following a firm entering the formal sector. The reason why
wages are more responsive to changes in informal tightness is that the pay-off
in the informal sector exceeds that of the formal sector. Hence, changes in
job opportunities in the informal sector are relatively more important for the
wage bargains as the pay-off in this sector is higher. This rather strong wage
moderation explains why real producer wages and unemployment fall.
Considering the full effects on labour market performance of an increase

in the audit rate produced less clear results. In addition to the effects pre-
viously described, there was a direct positive effect on the probability of a
worker-firm match being separated. The outflow from informal sector em-
ployment into the unemployment pool hence increased. Furthermore, we
found that the overall transition rate into employment fell caused by an in-
crease in the informal sector separation rate. These effects tended to increase
unemployment. Consequently, the overall impact of increased auditing on
unemployment is ambiguous.
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6 Appendix: Proof of propositions

6.1 Proof of Proposition 1

Differentiate equation (24) with respect to θI and ψ, taking into account that
∆ is a function of θF and θI as given by (26) and that θF is a function of θI

through equation (28). This yields

dθI

dψ
=

θF

θI
∆

ψ

Ã
∆
∂ θF

θI

∂θI
+

Ã
θF

θI
∂∆

∂θ
+ ψ

σ

1− σ

1
s
− 1

s+p¡
1
s
− ρθη

¢2ρηθη−1
!µ

∂θF

∂θI
+ 1

¶!−1

where
∂(θF /θI)

∂θI
=
³
∂θF

∂θI
θI − θF

´
/
¡
θI
¢2

< 0, and ∂θF

∂θI
+ 1 < 0 from (29). A

sufficient condition for a negative sign is then:

∆
∂ θF

θI

∂θI
+

θF

θI
∂∆

∂θ

µ
∂θF

∂θI
+ 1

¶
< 0.

Substituting for
³
∂θF

∂θI
+ 1
´
and

∂ θ
F

θI

∂θI
and simplifying we obtain:

−∆θF

θI
¡
(r + s) ηθη−1 + γ

¢− (r + s) ηθη−1 − γ

∆
+
³ γ
∆
θI + θFγ

´ ∂∆

∂θ
< 0.

Thus, ∂θ
I

∂ψ
< 0. Thereby ∂θF

∂θI
∂θI

∂ψ
> 0 and ∂θ

∂ψ
=
³
∂θF

∂θI
+ 1
´

∂θI

∂ψ
> 0. Regard-

ing the relative price we have PF

P I =
∆
ψ
where

∂
³
PF

PI

´
∂ψ

=
³
∂∆
∂ψ
ψ −∆

´
/ψ2 < 0

since ∂∆
∂ψ
= ∂∆

∂θ
∂θ
∂ψ

< 0.

Differentiating equations (9) and (10) with respect to ψ yields:

∂ωF

∂ψ
= γρy

µ
∂θF

∂ψ
+

∂θI

∂ψ

1

∆
− θI

∆2

∂∆

∂θ

∂θ

∂ψ

¶
, (32)

∂ωI

∂ψ
= γρy

µ
∂θF

∂ψ
∆+ θF

∂∆

∂θ

∂θ

∂ψ
+

∂θI

∂ψ

¶
. (33)

From (13) and (14), we have:

θη =
(1− γ)

(r + s) ρ
− γ

³
θF + θI

∆

´
(r + s)

, (34)

θη =
(1− γ)

(r + s+ p) ρ
− γ

∆
³
θF + θI

∆

´
(r + s+ p)

. (35)
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Differentiation brings out the following expressions

ηθη−1
∂θ

∂ψ
= − γ

(r + s)

µ
∂θF

∂ψ
+

∂θI

∂ψ

1

∆
− θI

∆2

∂∆

∂θ

∂θ

∂ψ

¶
, (36)

ηθη−1
∂θ

∂ψ
= − γ

(r + s+ p)

µ
∂θF

∂ψ
∆+ θF

∂∆

∂θ

∂θ

∂ψ
+

∂θI

∂ψ

¶
, (37)

where we know from the proof of proposition 1 that ∂θ
∂ψ

> 0. This implies

that ∂θF

∂ψ
+ ∂θI

∂ψ
1
∆
− θI

∆2
∂∆
∂θ

∂θ
∂ψ

< 0 and ∂θF

∂ψ
∆+ θF ∂∆

∂θ
∂θ
∂ψ
+ ∂θI

∂ψ
< 0 have to hold.

Hence we have that the equilibrium real producer wages have to fall in both
sectors.

6.2 Proof of Proposition 2.

Differentiate equation (15) and (16) with respect to ψ gives:

∂nI

∂ψ
=

∂(θI(θ)−η)
∂ψ

³
1 + θF (θ)−η

s

´
− θI(θ)−η

s

∂(θF (θ)−η)
∂ψ

(s+ p)
³
1 + θF (θ)−η

s
+ θI(θ)−η

s+p

´2 < 0

∂nF

∂ψ
=

∂(θF (θ)−η)
∂ψ

³
1 + θI(θ)−η

s+p

´
− θF (θ)−η

s

∂(θI(θ)−η)
∂ψ

s
³
1 + θF (θ)−η

s
+ θI(θ)−η

s+p

´2 > 0,

where we use that

∂
¡
θI (θ)−η

¢
∂ψ

= θ−η
µ
1− η

θI

θ

µ
∂θF

∂θI
+ 1

¶¶
∂θI

∂ψ
< 0,

∂
¡
θF (θ)−η

¢
∂ψ

= θ−η
µ
∂θF

∂θI

µ
1− η

θF

θ

¶
− η

θF

θ

¶
∂θI

∂ψ
> 0.

Furthermore, the unemployment rate is affected in the following way:

∂u

∂ψ
= −

s+p
s

∂(θF (θ)−η)
∂ψ

+
∂(θI(θ)−η)

∂ψ³
1 + θF (θ)−η

s
+ θI(θ)−η

s+p

´2 1

s+ p
.

As s+p
s

> 1 and ∂θI

∂ψ
< 0 a sufficient condition for ∂u

∂ψ
< 0 is that

∂θF

∂θI

µ
1− η

θF

θ

¶
− η

θF

θ
+ 1− η

µ
1− θF

θ

¶µ
∂θF

∂θI
+ 1

¶
< 0⇔

(1− η)

µ
∂θF

∂θI
+ 1

¶
< 0,
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which is satisfied. Considering uo, we have ∂uo

∂ψ
= ∂u

∂ψ
+ ∂nI

∂ψ
< 0 from this

proof.

6.3 Proof of Proposition 3.

Differentiating the equilibrium system, equations (22) - (24) give:

dθF

dp
=
−Φ∆+γ 1

π
HθI

∆
θη + γψ

³
θF
¡
Φ+ γ

∆

¢
+ Σ+γ

∆
θI

∆

´
σ
1−σ

θI

θF

1

(s+p)2

1
s
−ρθη

D
,

dθI

dp
=

∆(Φ+γ)+γ θI

θF
+γ 1

π
HθI

∆
θη − γψ

³
θF (Φ+ γ) +

¡
Σ
∆
+ γ

¢
θI

∆

´
σ
1−σ

θI

θF

1

(s+p)2

1
s
−ρθη

D
,

dπ

dp
=

³
Φπ+γπ

θI
+ 1

θF
Φπ + 1

θF
γ 1
ψ
+ γH

∆

¡
1
∆
− 1¢´ θη − γ (1−∆) Σ−Φ∆

∆
σ
1−σ

θI

θF

1

(s+p)2

1
s
−ρθη

D
,

where

D = −γ
µ
(Φ+ γ)

µ
1 +

θF

θI
∆

¶
+

µ
1 +

θF

θI
1

∆

¶
(Σ+ γ) +

γ

∆
ψHθ

µ
1

∆
− 1
¶¶

< 0,

and

Φ = (r + s) ηθη−1,Σ = (r + s+ p) ηθη−1,H =
σ

1− σ

θI

θF

1
s
− 1

s+p¡
1
s
− ρθη

¢2ρηθη−1.
Adding the derivatives for labour market tightness we obtain:

dθ

dp
=
1

∆

³
∆γ + γ θI

θF

´
θη + γψ

¡
θFγ (1−∆) + θIγ

¡
1
∆
− 1¢¢ σ

1−σ
θI

θF

1

(s+p)2

1
s
−ρθη

D
< 0.

6.4 Proof of Proposition 4.

Differentiating equations (9) and (10) with respect to p yields:

∂ωF

∂p
= γρy

µ
∂θF

∂p
+

∂θI

∂p

1

∆
− θI

∆2

∂∆

∂p

¶
, (38)

∂ωI

∂p
= γρy

µ
∂θF

∂p
∆+

∂θI

∂p
+ θF

∂∆

∂p

¶
.
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From (13) and (14), we have:

θη =
(1− γ)

(r + s) ρ
− γ

θF + θI

∆

(r + s)
,

θη =
1

(r + s+ p)

µ
(1− γ)

ρ
− γ∆

µ
θF +

θI

∆

¶¶
.

Differentiation brings out the following expression

ηθη−1
∂θ

∂p
= − γ

(r + s)

µ
∂θF

∂p
+

∂θI

∂p

1

∆
− θI

∆2

∂∆

∂p

¶
,

ηθη−1
∂θ

∂p
= − γ∆

(r + s+ p)

µ
∂θF

∂p
+

∂θI

∂p

1

∆
+

θF

∆

∂∆

∂p

¶
− θη

r + s+ p
,

where we know from the proof of proposition (3) that ∂θ
∂p

< 0. This implies

that ∂θF

∂p
+ ∂θI

∂p
1
∆
− θI

∆2
∂∆
∂p

> 0.

7 Appendix: Value functions of employment

This appendix gives a brief ’derivation’ of the flow value functions for em-
ployment in the formal and the informal sector. This serves to provide one
possible interpretation for the expressions giving the flow value equations of
employment in (2) and (3).
Let ∆ be an arbitrary length of a time interval. We consider only steady

state whereby we suppress the time index. At any date EF and EI satisfy:

EF =
1

1 + r∆

¡
wF (1− t)∆+ T∆+ s∆U + (1− s∆)EF + o (∆)

¢
EI =

1

1 + r∆

¡
wI∆+ T∆+ (1− s∆)

¡
p∆
¡
U − wIδ

¢
+ (1− p∆)EI

¢
+ s∆U + o (∆)

¢
,

where o(∆)
∆
→ 0 when ∆ → 0. With probability s∆, there is an exogenous

separation of the match. In case the match is not separated exogenously,
1−s∆, it is detected with probability p∆ or it is not detected with probability
1 − p∆.19 The government audits the economy, and p captures the audit
probability for a given time unit interval. If a worker is detected, the match

19Here we have defined the discounted value as if the exogenous separations takes place
before the auditing procedure. However, note that it does not matter if we assume that
the match is hit by an audition prior to exogenous separation instead.

28



is dissolved and the worker pays a punishment fee equal to a constant times
the underground wage earned during this time unit interval, i.e., δwI .20

This yields the following flow value equations:

r∆EF = wF (1− t)∆+ T∆+ s∆
¡
U − EF

¢
+ o (∆)

r∆EI = wI∆ (1− pδ) + T∆+ (p∆+ s∆)
¡
U −EI

¢− s∆p∆
¡
U − wIδ

¢
+s∆p∆EI + o (∆) .

Divide by ∆ and let ∆→ 0:

rEF = wF (1− t) + T + s
¡
U −EF

¢
,

rEI = wI (1− pδ) + T + (s+ p)
¡
Ut − EI

¢
.
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